We explore the electronic structure of ultralong-range pentaatomic Rydberg molecules from a merger of a Rydberg atom and two ground state heteronuclear diatomic molecules. Our focus is on the interaction of Rb(23s) and Rb(n = 20, l ≥ 3) Rydberg states with ground and rotationally excited KRb diatomic polar molecules. For symmetric and asymmetric configurations of the pentaatomic Rydberg molecule, we investigate the metamorphosis of the Born-Oppenheimer potential curves, essential for the binding of the molecule, with varying distance from the Rydberg core and analyze the alignment and orientation of the polar diatomic molecules.
I. INTRODUCTION
Recent experimental advances in ultracold physics allow for the creation of hybrid quantum systems formed by mixtures of atoms and atomic-ions [1, 2], atoms and molecules [3] or molecular-ions [4, 5] , or by Rydbergatoms-based mixtures [6, 7] . The study of these hybrid systems is motivated by a broad range of perspectives and potential applications including precision measurements, ultracold chemistry [8] , ultracold collisions [9] , and quantum technologies [10] . These systems also provide a unique platform to investigate fundamental questions in few-and many-body quantum physics.
In an ultracold atomic cloud, a hybrid system consisting of a ground state and a Rydberg atom has theoretically been predicted to form an ultralong-range molecule [11] . The binding mechanism of this exotic Rydberg molecule is based on the low-energy collisions between the Rydberg electron and the ground state atom [12, 13] . These ultralong-range Rydberg molecules were first experimentally observed for Rb atoms in a swave Rydberg state [14] , and current experiments focus on exploring these Rydberg molecules formed by higher angular momentum Rydberg states [15, 17? -20] , and by other atomic species such as Cs [18, 19] and Sr [21, 22] . In a mixture of ultracold atoms and ultracold molecules, Rydberg atoms could be created by standard two-photon excitation schemes. In such a hybrid system, exotic giant polyatomic Rydberg molecules are predicted to exist if a heteronuclear diatomic molecule, either a Λ-doublet or a rotating polar molecule, is immersed into the Rydberg wave function [23] [24] [25] [26] . The binding mechanism appears due to anisotropic scattering of the Rydberg electron from the permanent electric dipole moment of the polar molecule. This coupling gives rise to a mixing between the two opposite parity internal states of a Λ-doublet molecule or rotational states of a rigid rotor [23, 26] . It should be noted that heteronuclear diatomic molecule with subcritical permanent electric dipole moment (d < 1.639 D) are preferred to prevent binding of the Rydberg electron to the polar molecule [27] [28] [29] [30] .
The electronic structure of these giant Rydberg molecules possesses oscillating Born-Oppenheimer potentials (BOP) with well depths of either a few GHz or a few MHz if they evolve from the Rydberg degenerate manifold with orbital quantum number l > 2 [23] [24] [25] [26] or from the Rydberg states with lower orbital angular momentum l ≤ 2 [31] , respectively. The Rydbergelectron-induced coupling gives rise to a strong hybridization of the rotational states and a strong orientation and alignment of the diatomic molecule. Since in the giant Rydberg molecule, the orientation of the diatomic molecule changes sign as the distance from the Rydberg core varies [23, 26] , two internal rotational states of opposite orientation could be Raman coupled [23] to create a switchable dipole-dipole interaction needed to implement molecular qubits [32] . A non-destructive scheme to readout the internal state of polar molecules has been proposed based on the Rydberg-field-induced interaction with the molecular electric dipole moment [33, 34] .
In such an ultracold mixture of Rydberg atoms and molecules, it can occur, for sufficiently dense gases, that more than one diatomic molecule might immerse in the Rydberg orbit, creating the possibility of more complex polyatomic Rydberg molecules. In the present work, we consider a pentaatomic molecule (PentaMol) formed by a Rydberg atom and two ground state heteronuclear diatomic molecules. As in our previous study on the triatomic Rydberg molecule [26] , we include the angular degrees of freedom of the diatomic molecules within the rigid rotor approximation. This treatment of the internal motion of the diatomic molecules allows us to properly investigate the effect of the electric fields due to the Rydberg core and electron on their directional properties.
Our focus is on two collinear configurations of two polar diatomic molecules bound within the Rydberg orbit: A symmetric one in which the two diatomic molecules are located at different sides of the Rydberg core, see Fig. 1 (a) , and an asymmetric one where they are on the same side as shown in Fig. 1 (b) . As prototype ultralong-range molecules, we consider those formed by the Rubidium Rydberg atom and the diatomic molecules KRb. The rotational constant of KRb is B = 1.114 GHz [35] , and its electric dipole moment d = 0.566 D [36] , which is well below the Fermi-Teller critical value 1.639 D [27, 28] . We analyze the adiabatic electronic potentials of the symmetric configurations KRb-Rb(n = 20, l ≥ 3)-KRb and KRb-Rb(23s)-KRb Rydberg PentaMols as the separation between the two KRb molecules and the Rb + core varies. We equally explore the effects of the electric field due to the Rydberg atom on the rotational motion of diatomic molecules, by analyzing their orientation and alignment. For the asymmetric configuration, we study the BOPs of Rb(n = 20, l ≥ 3)-KRb-KRb, as the distance of one or two of the diatomic molecules from the Rydberg core increases. For the adiabatic electronic states, we encounter oscillating BOPs having potential wells with depths from a few MHz to a few GHz depending on the Rydberg state of Rb involved in the giant Rydberg PentaMol.
The adiabatic Hamiltonian of the Rydberg molecule is introduced in Sec. II, where we also provide the coupled basis used to solve the underlying Schrödinger equation.
In Sec. III we analyze the electronic structure of the linear symmetric and asymmetric configurations as the distance of the diatomic molecules from the Rydberg core increases, and analyze their directional properties. The conclusions are provided in Sec. IV. The expression of the electric field due to the Rydberg electron is provided in Appendix A.
II. THE ADIABATIC HAMILTONIAN
We consider a polyatomic molecule formed by a Rydberg atom and two ground state heteronuclear diatomic molecules. The ground state diatomic molecules are described within the Born-Oppenheimer and rigid rotor approximations, i. e., we adiabatically separate first the electronic and nuclei degrees of freedom, and then the vibrational and rotational motions. These approximations provide a good description of deeply bound diatomic molecules in the presence of moderate electric fields [37, 38] . The electric field due to the Rydberg electron and the ion at position R i is,
where e is the electron charge, r is the position of the Rydberg electron, and R i = R 1 , R 2 are the positions of the diatomic molecules. The full expression for the Rydberg electrons electric field is provided in appendix A.
In the framework of the Born-Oppenheimer approximation, the adiabatic Hamiltonian of this Rydberg PentaMol is given by
where H A represents the single electron Hamiltonian describing the Rydberg atom
where V l (r) is the l-dependent model potential [39] , with l being the angular momentum quantum number of the Rydberg electron. The molecular Hamiltonian which describes the two diatomic molecules in the rigid-rotor approximation, the charge-dipole interaction and the dipole-dipole interaction reads (4) with B being the rotational constant, N 1 and N 2 the molecular angular momentum operators and d 1 and d 2 the permanent electric dipole moments of the diatomic molecules. Note that for a linear molecule, the electric dipole moment is parallel to the molecular internuclear axis. The last term V 12 (Ω 1 , Ω 2 ) stands for the dipoledipole interaction between the two diatomic molecules. For the Rydberg PentaMols considered in this work, the distance between the two diatomic molecules is large enough so that the dipole-dipole interaction could be neglected. For each diatomic molecule, the internal rotational motion is described by the Euler angles Ω i = (θ i , φ i ) with i = 1, 2.
The total angular momentum of the Rydberg molecule, excluding an overall rotation, is given by J = l+N, where l is the orbital angular momentum of the Rydberg electron, and N is the total molecular angular momenta of the two diatomic molecules, N = N 1 + N 2 . To solve the Schrödinger equation associated with the Hamiltonian (2), we perform a basis set expansion in terms of the coupled basis
where lm l N M N |JM J is the Clebsch-Gordan coefficient, J = |l − N |, . . . , l + N , and M J = −J, . . . , J. ψ nlm (r) is the Rydberg electron wave function with n, l and m being the principal, orbital and magnetic quantum numbers, respectively. For the two ground state molecules, we use the coupled basis
where N i and M Ni , with i = 1, 2, are the rotational and magnetic quantum numbers, and Y NiM N i (Ω i ), is the field-free rotational wave function of the diatomic molecules, i. e., the spherical harmonics. The coupled angular momentum of the two diatomic molecules satisfies N = |N 1 − N 2 |, . . . , N 1 + N 2 , and its projections on the laboratory fixed frame M N = −N, . . . , N . Through the text, we use the notation |N, M N , N 1 , N 2 to identify the rotational states of the two diatomic molecules in the coupled basis Eq. (6) . Note that due to the Rydbergfield-induced coupling, N , M N , N 1 , and N 2 are not good quantum numbers. For the linear configuration of the Rydberg PentaMol, the electric field couples functions of the coupled basis (5) having the same total magnetic quantum numbers M J . As a consequence, the basis set expansion of the wave functions is done in terms of functions of the coupled basis (5) with the fixed total magnetic quantum number M J .
III. THE BORN-OPPENHEIMER ADIABATIC POTENTIAL CURVES
Let us now explore the adiabatic potential energy curves, more precisely relevant intersections of the underlying potential energy surfaces, of the electronic states for the linear Rydberg PentaMol: a symmetric configuration, and two asymmetric ones, presented in Fig. 1 . We have first performed an analysis of the convergence behaviour of the adiabatic electronic states for the symmetric configuration of the Rydberg molecule KRb-Rb * -KRb, i. e., R = R 1 = R 2 . The coupled basis (5) includes the wave functions of the Rydberg degenerate manifold Rb(n = 20, l ≥ 3) and of the energetically closest Rydberg state Rb(23s). Note that we are neglecting the quantum defect of the nf Rydberg state. For the diatomic molecules, we take into account the rotational excitations up to N i = 4, 5, and 6, i = 1, 2, in the coupled basis of the two diatomic molecules (6) , with the coupled angular momentum for the two KRb molecules N ≤ 8, N ≤ 9 and N ≤ 10, respectively. The corresponding BOPs of the symmetric configuration of the Rydberg PentaMol for M J = 0 are presented in Fig. 2 . The zero energy has been set to the energy of the Rb(n = 20, l ≥ 3) degenerate manifold and the two KRb molecules being in their rotational ground state N 1 = N 2 = 0.
The main difference between these three spectra are the additional BOPs belonging to electronic states evolving from the excited rotational states of KRb with N i = 5 and N i = 6, i = 1, 2, which do not appear in Fig. 2 (a) . The BOPs evolving from the Rydberg state Rb(23s) can be easily identified in the electronic spectrum as approximately horizontal lines on the scale of these figures. These BOPs also present an oscillatory behaviour with potential wells from a few tens to a few hundreds MHz, which are not appreciated on the scale of these figures, and that will be discussed later on. These electronic states approach the asymptotic limit ∆E 23s + N 1 (N 1 + 1)B + N 2 (N 2 + 1)B for large values of R, with ∆E 23s = E 23s − E 20,l≥3 , E 23s and E 20,l≥3 being the energies of Rb(23s) and Rb(n = 20, l ≥ 3), respectively. In the energetical region of the electronic states evolving from the Rydberg manifold Rb(n = 20, l ≥ 3) E(R)
−50 GHz, we encounter a few BOPs evolving from Rb(23s) and the two KRb molecules in a excited rotational state with N i ≥ 5. Due to high rotational excitations of the diatomic molecules, the effect of the Rydberg electric field is significantly reduced, since the electric-field interaction has to compensate the large rotational kinetic energies of each KRb, which are 33.4 GHz and 46.8 GHz for N i = 5 and N i = 6, respectively. In contrast, in the lowest-lying electronic states from the Rydberg degenerate manifold Rb(n = 20, l ≥ 3), the two diatomic molecules evolve from their rotational ground states with zero rotational kinetic energies.
The relative errors of the BOPs of the six lowest-lying states evolving from the Rydberg manifold Rb(n = 20, l ≥ 3) are less than 1% when the rotational excitations of KRb are increased from N i ≤ 4 to N i ≤ 5, and decreases further by for further increasing the range of N i . Since in these electronic states the KRb molecules were initially in their rotational ground states, these small relative errors indicate that the contribution of rotational states with N i ≥ 5 is not significant on the field-dressed ground state. A similar conclusion can be derived for the electronic states evolving from the Rydberg state Rb(23s) and the two KRb molecules with N i ≤ 3, the comparison between the BOP for N i ≤ 5 and N i ≤ 6 shows relative errors around 1%. Finally, if only the states within the Rydberg degenerate manifold are included in the basis set expansion (excluding the nearby 23s state), the relative error is smaller than 0.8% for the six lowestlying states. This is due to the large energy separation of 109.9 GHz, between the Rydberg state Rb(23s) and the manifold Rb(n = 20, l ≥ 3), and due to the fact that those electronic states evolving from Rb(23s) and Rb(n = 20, l ≥ 3), which are energetically close, involve the KRb molecules in excited rotational states and in the ground state, respectively, which reduces their couplings.
A. The linear symmetric Rydberg molecule
In Fig. 3 (a) and (b), we show the BOPs for M J = 0, and 1, respectively, for the collinear Rydberg PentaMol where the two diatomic molecules are located on the Zaxis of laboratory fixed frame at the same distance from the core R = R 1 = R 2 , but on different sides of Rb + , see the sketch presented in Fig. 1 (a) . For comparison, the corresponding adiabatic potentials for a Rb-KRb triatomic molecule (TriMol), with Rb + located at the center of the laboratory fixed frame, and the diatomic molecule being on the Z-axis at a distance R = R 1 , are shown in Fig. 4 . Note that the BOPs of the Rydberg TriMol also evolve from the Rb(n = 20, l ≥ 3) manifold. This Rydberg TriMol is numerically described with a coupled basis analogous to the one used for the Rydberg PentaMol, see Ref. [26] .
As for the Rydberg triatomic system, the electronic potentials oscillate as the distance between the diatomic molecules and Rb + R = R 1 = R 2 increases, which reflects the oscillatory behaviour of the Rydberg electron wave function. These electronic states show many consecutive minima with depths of a few GHz, which accommodate vibrational bound states in which the Rydberg PentaMol is stable. We have estimated that the outermost minima of the lowest-lying BOPs in Fig. 3 (Ω 1 , Ω 2 ) with N i ≤ 4, to be combined with the Rydberg states from the degenerate manifold Rb(n = 20, l ≥ 3). As a consequence, the complexity of the electronic structure is significantly en- hanced, and the neighbouring electronic states undergo narrow avoided crossings. Second, the energy shifts of the two lowest-lying BOPs evolving from the Rydberg manifold Rb(n = 20, l ≥ 3) are somewhat larger compared to the corresponding shifts of the lowest-lying curves of the Rydberg TriMol in Fig. 4 , but the differences are not significant. Indeed, for the Rydberg PentaMol, we also encounter pairs of electronic states possessing close by energies, which at large separations once the effect of the electric field due to the Rydberg core becomes dominant, become degenerate. For M J = 1, the degeneracy between pairs of consecutive states is manifest even at lower values of the separation R. The two KRb molecules are exposed to the internal Rydberg atom electric field, whose matrix elements within the Rydberg electron wave function basis have the same strength but differ on sign due to their different location on the Z-axis, see appendix A. These two facts gives rise to similar energetical shifts for the BOPs that are due to the presence of the first and second diatomic molecules, which are labelled in Fig. 1 (a) with the numbers 1 and 2, respectively. The KRb molecules within the Rydberg PentaMol are oriented and aligned due to the Rydberg electric field. 
Rydberg PentaMol: orientation of the first (thin lines) and second (thick lines) diatomic molecule for the two lowest-lying adiabatic potentials evolving from the Rydberg manifold Rb(n = 20, l ≥ 3) for total magnetic quantum number (a) MJ = 0, and (b) MJ = 1. The alignment of these two diatomic molecules is identical and is presented for the two lowest-lying potentials for MJ = 0, and MJ = 1 in panel (c).
same absolute value, i. e., | cos θ 1 | = | cos θ 2 |. Within the BOPs for M J = 0 and R 700 a 0 , the first diatomic molecule shows a moderate orientation off the Rydberg core, whereas the second one is oriented towards Rb + . In both cases, their orientations show an oscillatory behaviour reflecting the radial dependence of the Rydberg electron wave function. By further increasing the separation between Rb + and the KRb molecules, the value of the orientation for the two diatomic molecules is reversed. From there one, | cos θ i | slowly approaches its zero field-free value. A similar behaviour is observed for the orientation of the two KRb within BOPs for M J = 1. For the orientation belonging to the M J = 1 BOPs in Fig. 5 (b) , the sudden changes of the orientations around R ≈ 950 a 0 are due to an avoided crossing between these two potentials and the corresponding two neighbouring ones according to Fig. 3 (b) . Within a certain electronic state, the alignment of the two diatomic molecules is the same, cos 2 θ 1 = cos 2 θ 2 , see Fig. 5 (c) where we present cos 2 θ 1 within these two lowest-lying BOPs for M J = 0 and M J = 1. The change of the direction of the orientation, i. e., cos θ i ≈ 0, corresponds to the diatomic molecules having their field-free alignment cos 2 θ 1 ≈ 1/3. Following up on the oscillatory behaviour, the alignment approaches this field-free value as R increases and the impact of the electric field due to the Rydberg core decreases.
We explore now two sets of electronic states evolving from the Rydberg state Rb(23s). The adiabatic electronic potentials for M J = 0 and M J = 1 evolving from this Rydberg state and the diatomic molecules in the rotational states with wave functions on the coupled basis Eq. (6) |N, M N , 2, 2 , with N = 0, 1, 2, 3, 4, |3, M J , 3, 0 , and |3, M J , 0, 3 , are shown in Fig. 6 . All these electronic states approach the same asymptotic limit ∆E 23s + 12B at large separations from the Rydberg core. For M J = 0, there are 7 electronic states, and the lowest six are degenerate forming three pairs, see Fig. 6 (a) , whereas, for M J = 1, we encounter 6 states that are pairwise degenerate, see Fig. 6 (b) . The energies of the BOPs evolving from the two KRb molecules in rotational excited states with wave functions |N, M N , 3, 3 , N = 0, 1, 2, 3, 4, 5, 6, are shown in Fig. 7 ; all these electronic states share the asymptotic limit ∆E 23s + 24B. There are 7 electronic states with M J = 0, the lowest six are forming three pairs of degenerate states, and for M J = 1, there are 6 states forming three pairs. These BOPs in Fig. 6 and Fig. 7 have been computed assuming rotational excitations of the diatomic molecules up to N i = 6, i = 1, 2.
These BOPs show an oscillatory behaviour with minima reaching depths from a few tenths to a few hundreds MHz. In these adiabatic electronic states, we encounter unstable configurations of the Rydberg PentaMol with the adiabatic potential energy curves overall decreasing as R decreases and having wells too shallow to accommodate bound vibrational states. For the stable configurations of the Rydberg PentaMol, the BOPs present an asymmetric double-well structure. In the latter potential wells, a few vibrational states exist with vibrational wave functions being delocalized with respect to the two wells. These asymmetric double wells are observed in the two highest-lying electronic states for M J = 0 in Fig. 6 (a) and Fig. 7 (a) , and the highest one for M J = 1 in Fig. 6 (b) and Fig. 7 (b) .
The energy shifts of these electronic sates evolving from Rb(23s) from the corresponding asymptotic limits, i. e., ∆E 23s + 12B and ∆E 23s + 24B, are smaller than 2 GHz at R = 500a 0 , and are significantly smaller than the shifts of the BOPs from the Rydberg manifold Rb(n = 20, l ≥ 3), which reach approximately ∼ 45 GHz at R = 500a 0 , see Fig. 3 . This can be explained in terms of the smaller state space, formed by the Rydberg state Rb(23s), that can mix to generate these adiabatic electronic states compared to the large number of Rydberg states with n = 20, l ≥ 3 and m l forming the degenerate manifold Rb(n = 20, l ≥ 3) contributing to the BOPs presented in Fig. 3 . In addition, the electric fields due to the Rydberg electron of Rb(23s) are weaker than those from the Rydberg manifold Rb(n = 20, l ≥ 3). As an example, we present in Fig. 8 the absolute value of the matrix elements of the electric field along the Z axis for a separation between Rb + and each KRb of R = 600 a 0 . These matrix elements are defined in Appendix A. Due to the larger spatial extension of the radial wave function of the Rydberg state Rb(23s) compared to those from Rb(n = 20, l ≥ 3), the matrix elements 0, 0|F two diatomic molecules, compared to the few non-zero components due to the coupling of Rb(23s), with the Rb(n = 20, l ≥ 3) states, i. e., 0, 0|F e,Z ryd (R, 0, 0, r)|l j , 0 and 0, 0|F e,Z ryd (R, 0, 0, r)|l j , ±1 . Since the interaction with the electric field produces the same impact on both diatomic molecules the BOPs become degenerate.
Regarding the directional properties of the KRb molecules, we present only the orientation of the first diatomic molecule, since for the orientation of the second one, it holds cos θ 2 = − cos θ 1 . As can be observed in the insets of Fig. 6, and Fig. 7 , the orientation is very small due to the weak electric fields created by the Rydberg electron in Rb(23s). Additionally, the large rotational excitations give rise to large kinetic energies which should be compensated by the interaction with the Rydberg electric field. In contrast, for the two diatomic molecules within the lowest lying potential evolving from Rb(23s), i. e., the KRb molecules in N 1 = N 2 = 0, not shown here, we obtain | cos θ i | = 0.32 for R = 500 a 0 , which is similar to the orientation achieved for the lowest-lying BOP from the degenerate manifold presented in Fig. 5 (a) .
B. The linear asymmetric Rydberg molecule
Next we explore the electronic structure of the Rydberg PentaMol in two asymmetric configurations with the two diatomic molecules located at the same side of the Rydberg core Rb * -KRb-KRb, e.g. Fig. 1 (b) . The calculations have been done using rotational excitations of KRb up to N i = 4, i = 1, 2. The separation between the two diatomic molecules is kept large enough so that the dipole-dipole interaction between the molecules is neglected. For instance, this dipole-dipole interaction amounts approximately to 0.11 GHz for two fully oriented KRb molecules separated by 150 a 0 , which is significantly smaller than the few tens of GHz energy shifts from the Rydberg manifold obtained for both the symmetric and asymmetric configurations of the ultralongrange Rydberg PentaMol.
First, we consider the Rydberg PentaMol in which the distances of the two KRb molecules from the Rydberg core increase, while their relative separation is kept constant with example values ∆R = R 2 − R 1 = 175 a 0 and 300 a 0 . The adiabatic potentials curves for M J = 0 are shown in Fig. 9 as a function of the distance of the first diatomic molecule R 1 from Rb + . The lowest-lying BOP from this Rydberg manifold is energetically well separated from the other the electronic BOPs. Compared to the Rydberg TriMol and to the symmetric configuration of KRb-Rb * -KRb, the energy shifts of the adiabatic potentials from the Rydberg manifold Rb(n = 20, l ≥ 3) are larger. The wells of these BOPs possess depths of a few GHz, and we estimate that a few tens of vibrational bound states should exist in the outermost potential well. For the asymmetric linear configuration, the two diatomic molecules are exposed to electric fields of 
FIG. 9. Asymmetric Rydberg PentaMol: adiabatic electronic potentials evolving from the Rydberg manifold Rb(n = 20, l ≥ 3) versus the separation of the first dipole R1 from Rb + . The second diatomic molecule is located at the same side of the Rb + core, and separated of the first one by a distance ∆R = 175 and 300 a0, which is kept constant. The first (1) and second (2) KRb molecules are shown in the sketch of Fig. 1 (b) . different strengths but along the same direction. As a consequence, the effect of the Rydberg field on the two diatomic molecules becomes additive, and the energies shifts become larger than for the symmetric Rydberg molecule. For ∆R = 175 a 0 in Fig. 9 (a) , the minimum of the lowest-lying adiabatic potential is below the BOP evolving from Rb(23s) and the diatomic molecules being in the rotational excitations |N, M N , 4, 4 , and these two sets of adiabatic electronic states exhibit several avoided crossings.
Let us now analyze the directional properties of the KRb molecules in this asymmetric configuration of the Rydberg molecule Fig. 10 . For ∆R = 300 a 0 in Fig. 10 (b) , the first diatomic molecule shows a similar orientation and alignment as in the symmetric configuration. The second KRb is located 300 a 0 further away from the Rb + than the first one, as a consequence, it is oriented oppositely with respect to the Rydberg core, and after an oscillation its value monotonically decreases. For ∆R = 175 a 0 in Fig. 10 (a) , the orientation and alignment of the two KRb show a more complex behaviour as R 1 increases, which is characterized by sudden changes for R 1 ≈ 580 a 0 and R 1 ≈ 640 a 0 , due to the avoided crossings with the BOPs evolving from the Rydberg state Rb(23s) and the diatomic molecules in the rotational excitations |N, M N , 4, 4 . Between these two values of R 1 , the alignment and orientation keeps an almost constant value. For R 1 640a 0 , the orientation and alignment behaviour of the two diatomic molecule resemble those from the configuration with the relative separation ∆R = 300 a 0 , monotonically decreasing and approaching the corresponding field-free values 0 and 1/3, respectively, in the limit of very large separations between the two diatomic molecules and the Rydberg core.
In the second asymmetric configuration, we assume that the position of the first diatomic molecule is fixed, whereas the separation of the second one from the Rydberg core R 2 increases. The corresponding BOPs when the first KRb molecule is located at R 1 = 400 a 0 and R 1 = 500 a 0 are presented in Fig. 11 (a) and (b) , respectively. As for the previous asymmetric configuration, the energy shifts are also here larger when compared to the symmetric configuration of the Rydberg PentaMol, which is due to the additive effect of the Rydberg electric fields in both diatomic molecules. The lowest-lying potentials from the Rydberg manifold Rb(n = 20, l ≥ 3) present an oscillatory behavior with broad minima of a few GHz depths. For the asymmetric configuration with the first KRb located at R 1 = 400 a 0 , the outermost minimum of this energetically lowest-lying BOP is too shallow to accommodate vibrational bound states, in the first minimum of this BOP located around R 2 ≈ 622 a 0 , see Fig. 11 (a) , we estimate approximately 6 vibrational bound states. If the first KRb is located at R 1 = 500 a 0 , there are also a few bound vibrational states in the outermost minimum. From there on, they reach a plateau like behavior for large values of R 2 . In this limit, the BOPs approach the energies of the Rydberg TriMol with the KRb located either at R 1 = 400 a 0 or R 1 = 500 a 0 , see Fig. 11 (a) and (b) . Finally, we analyze the rotational dynamics of the two diatomic molecules in the Rydberg PentaMol in this second asymmetric configuration in Fig. 12 (a) and (b) when the position of the first diatomic molecule is fixed at R 1 = 400 a 0 and R 1 = 500 a 0 , respectively. For both values of R 1 , the first diatomic molecule is moderately antioriented and aligned, both expectation values present a plateau-like behaviour as R 2 increases. In contrast, the directional properties of the second KRb oscillate as R 2 increases, see Fig. 12 (a) and (b) , it is firstly anti-oriented, and becomes oriented once the interaction due to the Rydberg core electric field starts to dominate. For large values of R 2 , the orientation and alignment of this second diatomic molecule approach the field-free values 0 and 1/3, respectively. Fig. 1 (b) .
IV. CONCLUSIONS
We have investigated ultralong-range Rydberg pentaatomic molecule formed by a Rydberg Rubidium atom and two KRb diatomic rotational molecules. The binding mechanism of these exotic molecules is due to the interaction of the electric dipole moments of the diatomic molecules with the electric fields due to the Rydberg electron and Rydberg core. Within the rigid rotor approximation, we have taken into account the rotational motion of the diatomic molecules providing a proper description of the hybridization of their rotational motion due to the Rydberg electric fields.
The Born-Oppenheimer potential curves for M J = 0, 1 for the Rydberg pentaatomic molecule as a function of the separations between the Rb + core and the KRb A natural extension of this work would be to investigate these Rydberg pentaatomic molecules in a planar triangular configuration to describe the system formed by the two diatomic molecules located at the minima of an optical lattice and the Rydberg atom above them. In such a configuration, the azimuthal symmetry is lost and the total magnetic quantum number is not conserved. Thus, the basis set expansion of the wave function should include the coupled wave functions (5) with all possible values of M J , i. e., |M J | ≤ J. As a consequence, the size of the Hamiltonian matrix becomes very large being computationally very challenging to obtain the eigenvalues. For instance, including the Rydberg manifold Rb(n = 20, l ≥ 3) and Rb(23s), and rotational excitations up to N i = 5, the dimension of the Hamiltonian matrix is larger than half a million when the Rydberg TriMol has this triangular configuration. One could also consider more complex ultralong-range Rydberg molecules formed by one Rydberg atom and several diatomic polar molecules in different configurations. Such systems could be explored by considering diatomic open-shell diatomic molecules, such as OH, OD, LiO and NaO, whose rotational spectra in external fields are characterized by finestructure interactions and the Λ-doubling effects [40] . For sufficiently weak electric fields, the rotational motion of these molecules could be described using a two state model [41, 42] , which facilitates their computational analysis and renders it realistic to obtain the adiabatic electronic potential curves and surfaces of the polyatomic ultralong-range Rydberg molecules as it was previously done for the triatomic Rydberg molecule [23] [24] [25] .
Appendix A: The Rydberg electron electric field
In this appendix we provide the expression of the electric field created by the Rydberg electron at the positions of the diatomic molecules which is in cartesian coordinates given by 
where ∇ Ri is the Laplacian with respect to the molecular coordinate R i = (R iRi , θ iθi , φ iφi ) with i = 1, 2, see Ref. [43] . The electric field reads 
For the Z-component of F e ryd (R i , r) in Eq. (A3), the sum in the magnetic quantum number m is restricted to m = 0, whereas for the X and Y components, only the terms with m = 1 and −1 contribute.
For the symmetric configuration, i. e., the two diatomic molecules are located at different sides of the Rb + core and R 1 = R 2 , the l-dependent components of the electric field are of the same strength but differ with respect to the sign depending on the orbital angular momentum of the Rydberg electron l. As a consequence, the matrix elements of the electric field components satisfy the following relation
